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A Similarity Analysis of the Droplet Trajectory Equation

Michael B. Bragg*
Ohio State University, Columbus, Ohio

A procedure is established to reduce the number of similarity parameters in the trajectory equation for par-
ticles in a moving fluid. This is accomplished by the use of an approximate sphere drag law to derive a new
trajectory scaling parameter. The modified inertia parameter proposed by Langmuir specifically for the aircraft
icing problem is analyzed and for the first time a closed-form solution is obtained. Both experimental and
analytical results are presented to verify this new trajectory scaling parameter.

Nomenclature

= proportionality constant in approximate drag law
= characteristic length, m

= droplet drag coefficient, D/(V2pU?S)

=droplet drag, N

=total droplet collection efficiency

= Froude number, U/\/E

= gravitational constant, m/s?2

= gravitational acceleration vector, m/s?
=inertia parameter, 06’ U/18cu

=modified inertia parameter, K(A/\,)
=trajectory scaling parameter, K/R%,

=mass of droplet, kg .
=droplet relative Reynolds number, pdU li— 7! /p
U =droplet freestream Reynolds number, p6U/u
=droplet cross-sectional area, m?

=time, s

= freestream velocity, m/s

= flowfield velocity vector, dimensionless with U
=droplet position vector, m-

=exponent in approximate drag law and K
=droplet diameter, m

= dimensionless droplet position vector, X/¢
=droplet trajectory ratio, Eq. (6)

= air density, kg/m3

= droplet density, kg/m?

=dimensionless time, Ut/c

= absolute air viscosity, kg/m-s

), =scale model value
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I. Introduction

HE calculation of the trajectories of small spherical

droplets in a moving fluid finds applications in many
arcas of science and engineering. These include propulsion
problems, several topics in atmospheric sciences, the ap-
plication of agricultural chemicals, and aircraft icing to name
only a few. As in other areas of engineering, the derivation of
the similarity parameters governing the problem greatly
simplifies the analysis. Two particular applications of the
similarity parameters are of interest here.

The first application is to facilitate the collection and
presentation of experimental or numerical data. The droplet
trajectories will be shown under certain conditions to be a
function of a single dimensionless parameter, which simplifies
the analysis considerably. The second use of the parameter
will be to serve as a scaling parameter for model testing. The
reduction of the similarity parameters governing the problem
to a single nondimensional number makes model testing
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feasible in situations which could not be scaled properly
before.!?

First, the complete set of similarity parameters will be
derived from the differential equation. Earlier attempts to
simplify the scaling analysis will be discussed and the current
method presented. Finally, the analysis will be demonstrated
using both experimental and analytical results.

II. Theoretical Development
Trajectory Equation

By applying Newton’s Second Law of Motion to a single
spherical particle moving relative to the surrounding fluid, the
differential equation describing the droplet trajectory can be
derived. Although many forces act on the particle, for most
applications only the viscous drag and the body force due to
gravity need be considered. Including only these two force
terms, the differential equation is

dx?

where m is the droplet mass and X the position vector. In
nondimensional form the equation becomes

ki= (21 )=+ 5 (£) @

Here 7 is the dimensionless position vector, # the dimen-
sionless flowfield velocity, and the dot represents the
derivative with respect to nondimensional time 7. The
dimensionless parameters which appear explicitly in Eq. (2)
are K, the inertia parameter and F,, the Froude number given
by
K=082U/18cp; F.=U/Vcg (3)
For many applications the sphere drag may be expressed as
a function only of the relative Reynolds number, R=R, lii—
#1. Then, from the Stokes law parameter, C,R/24, comes the
third similarity parameter R,, the freestream Reynolds
number based on droplet diameter,

Ry=pUb/p @

This assumption of the functional form of the viscous drag
term holds well into the compressible regime provided the
Mach number based on droplet relative velocity is low.
Provided the preceding assumptions are not violated, a
single particle trajectory is a function of only the droplet
Reynolds number, Froude number, and inertia parameter.
These parameters are cumbersome to use in presenting data.
When used as scaling parameters, holding these dimensionless
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numbers constant often violates the flowfield scaling and
leads to unattainable test conditions.

Simplified Parameters

The use of Ry, K, and F, to establish model test conditions
often leads to serious problems. Ormsbee and Bragg! used
these parameters to scale the trajectory of drops in aircraft
wakes. The resulting test particles were very large in diameter
and low in density. The particles were difficult to obtain and
for small-scale tests the densities required become so low as to
violate assumptions made in the derivation of Eq. (2). When
the particles are small and gravity can be ignored, only R,
and K must be held constant. This still leads to problems in
cases such as aircraft icing model tests where only the model
speed and droplet diameter are variables. Holding R, and X
constant requires that

d,,=(c,/c)6 and U,=(c/c,)U
For small-scale models the test velocity required is very large

and violates the Mach number scaling of the flowfield.?
Recent tests by a Soviet-Swedish research group? chose to

ignore the Reynolds number scaling and held only the inertia’

parameter constant in an attempt to avoid this problem.

Methods are available to avoid these problems by reducing
the number of similarity parameters. First Langmuir’s
classical modified inertia parameter will be discussed and a
new derivation presented. Then the present method will be
derived and shown to be much simpler to use and in some
cases more accurate.

Modified Inertia Parameter

The modified inertia parameter K, was presented by
Langmuir in 1946* to be used to present aircraft icing data. In
fact, this parameter is still in wide use in the aircraft icing
community although no theoretical proof of its validity is
available.’ Currently, no closed-form solution for the
parameter is available and a graphical technique or curve fit
to the numerically generated data is used. Here the X,
parameter will be discussed and a theoretical proof of its
validity will be presented which yields a closed-form solution.

The modified inertia parameter K, is defined as

Ky=K(N\/\,) &)

where K is the inertia parameter and A/A; the ratio of the
length of the trajectory of a droplet in still air, with an initial

Reynolds number of R, and gravity neglected, divided by the -

same trajectory of the droplet if the drag is assumed to obey
Stokes law. So K, combines K and R, into a single parameter
since A/A, is a function of R,. Langmuir showed that A/A; is
given by :

AN

1 S Ry dR ©

s R, Jo  (CpRI24)

Using the standard sphere drag curve for CpR/24 Langmuir
performed this integration numerically to generate N/A, as a
function of R, which is still in use today.

By using the differential Eq. (2), the origin of Langmuir’s
K, parameter can be examined more carefully. It is not clear
from Ref. 4 if Langmuir derived K, in this way, but the basic
relationship between K, and the governing differential
equation was presented in 1952 in Ref. 6.

In Eq. (2) by dropping the gravity term and rearranging we
obtain

[(EDIE/—M)];:(H—;') )]
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_ Here CpR/24is a complex function of R with R varying along

the particle trajectory. If some suitable average of the term on
the left-hand side of Eq. (7) can be found, the R, and K
parameters can be combined into a single similarity
parameter. Let us assume that the particle experiences
Reynolds numbers from zero to Ry, the value based on the
freestream velocity. Then, averaging this term yields

K (Ru dR
K=o\ =erom ®)
Ry Jo  (CoR/24)

K, is merely the average value of the single coefficient which
appears in the droplet trajectory Eq. (7). K, is not an exact
similarity parameter, but does have valid theoretical
justification as it is a straightforward simplification of the
governing particle trajectory equation. The modified inertia
parameter provides good data correlation provided the range
of Reynolds numbers experienced by the particle is consistent
with the range zero to R ;. This point will be discussed in more
detail later.

A closed form expression for K, can be found if an in-
tegrable form of the droplet drag coefficient is used in Eq. (8).
Putnam’ has developed such an equation valid up to a
Reynolds number of 1000 as

C,R/24=1+ (1/6)R? ©)

Following the work of Putnam, or by direct integration of Eq.
(8) using Eq. (9) for C,R/24, a closed form of K, is given as

R’/s
K0=18K[R[,%—\/3R{,1tan‘1(—\/%)] (10)

This equation is within 2% of Langmuir’s calculated values
until R, approaches 1000, where Langmuir’s values deviate
from those of Eq. (10), probably because of the loss of
accuracy in the numerical procedure, and the applicable range
of Eq. (9).

The lower limit of Eq. (10) can be used to check the
derivation of K,. By definition K, must approach the inertia
parameter for small values of the Reynolds number where the
particle drag is essentially governed by Stokes law. By ex-
panding the inverse tangent function and taking the limit as
R, approaches zero, Eq. (10) reduces as expected to K, =K.
By examining Eq. (10) as R, approaches infinity, K, takes the
form

K,=18KR;" Coan

It is also interesting to compare the curve fit developed by
Lozowski et al.® for K, where

K

Ky= ———— 12
%7 140.0967R)537 12

This also compares well to Eq. (10); note the similarity in the
1/RY%% term in Eq. (12) and the R;* expression in Eq. (10).

The use of Eq. (10) should improve the usefulness of the
existing icing data correlated with K,. Eliminating in-
terpolation or curve fits to Langmuir’s tabulated data should
also improve accuracy. Equation (10) could be used to reduce
other droplet trajectory data, however, the analysis to follow
will result in a parameter which is easier to use, more ver-
satile, and provides better accuracy than K, in certain
situations.

Present Method

An alternate approach can be taken to simplify the single
coefficient appearing in the trajectory Eq. (7). Instead of



DECEMBER 1982

assuming an average value of C,R/24, as was done to derive
K,, here assume that

CpR/24=CR?# (13)

which appears as a straight line on the log-log plot of C,R/24
vs R. A similar approximation has been made before by
Ormsbee and Bragg!? and by Armand et al. ' to scale droplet
trajectories. The trajectory equation then becomes

- RS . .
i=c(52) =312 G- i) (14)

Now define the trajectory similarity parameter X as
K=K/R§, (15)

where the term in Eq. (14) has been inverted to follow the
convention established by the K, parameter.

The appearance of the [#—#1# term in Eq. (14) simplifies
the use of this parameter. Since a 3 occurs outside the K term,
C and § cannot, in general, be functions of R, but must be
chosen from a single best fit of C,,R/24 = CR? over the entire
range of Reynolds numbers to be experienced by all particles
under consideration. Then, after the constants C and 8 have
been chosen for a particular application, the droplet
trajectory equation, Eq. (14), is a function of K only (for
similar flowfields). A simple parameter combining K and R,
is now available to be used for data presentation or
establishing scale-model test conditions. Note that if the
gravity term need be included, this requires only that the
Froude number F, also be considered in addition to K. In the
next section both experimental and analytical data will be
presented to verify K along with some guidelines on the
selection of 3.

III. Results and Discussion

The use of the K parameter to scale particle trajectories has
been demonstrated by Ormsbee and Bragg! for spherical
particles in aircraft wakes. A summary of those results will be
presented here. Aircraft icing data on droplet trajectories will
be used to compare the modified inertia parameter K, and the
K parameter to determine how they are related and the
relative accuracy of each.

Experimental Verification

Recent published results by Ormsbee and Bragg!
demonstrate the method and validity of the use of K as a
droplet trajectory scaling parameter. In these tests conducted
in the NASA Langley vortex research facility three
geometrically scaled agricultural aircraft models were used to
inject scaled spherical particles into the model wake. Using
the complete set of similarity parameters for the droplet
dynamics R, K, and F, results in a unique scaled test particle
of low density and large diameter. Relaxing the constraints on
the scaled particles by replacing R, and K by K yields an
infinite number of candidate test particles greatly simplifying
the task of particle selection.

Table1l Physical variables

Model scale

0.10 0.15 0.20 1.0
Wing semispan, m 1.22 1.83 2.44 40.0
Model velocity, m/s 16.8 20.6 23.8 53.3
Altitude, m 0.622 0.933 1.24 20.4
Angle of attack, deg 2.00 2.00 2.00 2.00
Particle diameter, um 105.0 125.0 105.0 490.0
Particle density, g/cm? 2.42 2.42 3.99 1.0
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Fig. 1 Experimental results scaling droplet trajectories in an aircraft
wake.

In these tests a hypothetical full-scale aircraft and droplet
test conditions were chosen. These were then scaled to
determine the equivalent test condition for 0.10, 0.15, and
0.20 scale models. Table 1 shows the full-scale and model test
conditions while the particle trajectory results are summarized
in Fig. 1. The particles were injected into the flow from
containers in the wing at several spanwise locations. Presented
in Fig. 1 is the lateral transport of the particles by the wake
vortex system as a function of initial injector location. For all
three models the lateral transport of the scaled particles is the
same; thus verifying the K scaling analysis. Scaling tests were
also reported in Ref. 1 where other lift coefficients, aircraft
altitudes, and fuli-scale droplet sizes were used and in all cases
the particle trajectories scaled well.

Aircraft Icing Scaling

For the case of aircraft icing the droplets considered are in a
range of 10-50 pm. Therefore, the gravity term is negligible
compared to the viscous drag, and the Froude number may be
dropped. This simplifies the analysis and permits the easy
comparison of K, and K since, in this case, the droplet
trajectory becomes a function of only the one dimensionless
number and the initial droplet condition for a given flowfield.

A careful analysis of the modified inertia parameter K, and
the trajectory scaling parameter K shows that the two
parameters are closely related. If the approximate drag law of
Eq. (13) is assumed and used in Eq. (8) the result is

K,= __ K
C(1-B)R},

This is equivalent to approximating the A/, term in K, as
proportional to R;#. This approximate K, expression has
been used by the aircraft industry for icing scaling,!'! where 8
was determined from Langmuir’s numerical A/\; as a func-
tion of R, data. For this special case, K, differs from K by
only a constant. )

While the general form of K, given by Eq. (10) is more
complicated, it too can be seen to be in a functional form
similar to that of K. Taking the limit of both K, and Kas R,
approaches zero yields just K in both instances. As R, ap-
proaches infinity the limit of K, is K,=18KR;* as given
earlier in Eq. (11). This is exactly K/18 if 3= %3. Therefore, it
has been shown that K, and K have the same limits with
respect to R, within a constant. In addition, K, and K are the
same within a constant if a simple drag law is assumed in
deriving K,.

A method for selecting the § to be used in the K parameter
must be determined. The selection of a 8 depends on the range
of Reynolds numbers to be experienced by the particles during
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Fig. 2 Typical Reynolds number experienced during droplet
trajectory.
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Fig. 3 Approximate drag law exponent for best fit in Reynolds
number range 0-R.
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their trajectories. Since a  term occurs in the differential
equation outside the K term [see Eq. (14)] only one 8 may be
selected for each application of K. For a scaling application a
different 8 may be selected for each particle considered,
however, when K is used to present data, an average value of
B8 which is good over all possible particle trajectories to be
presented must be used.

It has been found that the particles injected into aircraft
wakes experience Reynolds numbers slightly larger than their
terminal values. So for this application § was determined by
using a least squares analysis to find the § which provided the
best fit to the standard sphere drag curve. The actual
Reynolds number range was from the terminal Reynolds
number of the scaled particle to twice the terminal Reynolds
number of the full-scale particle. Using this scheme provided
good results as seen in Fig. 1. ;

For the icing problem the Reynolds number range ex-
perienced by a particle is somewhat different. The super-
cooled water droplets are initially at rest with respect to the
atmosphere and, therefore, the Reynolds number is zero. The
maximum Reynolds number experienced by the droplet is
when it is in the immediate proximity of the aircraft com-
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Fig. 6 Collection efficiency of an NACA 65A004 airfoil as a func-
tion of K.

ponent where the velocity gradients are large, causing a
significant relative velocity between the particle and the local
fluid. In Fig. 2, the droplet Reynolds number is shown along
the trajectory of four different droplets. This information was
generated using the computer program of Ref. 2 for droplets
starting five chord lengths in front of a typical general
aviation airfoil section at a cruise condition. Note that the
particles all experience Reynolds numbers in the Stokes law
range for the first 80% of their trajectories. Only as the
droplets approach the body do the Reynolds numbers increase
drastically. However, for no case analyzed to date has the
droplet Reynolds number ever reached the value based on the
freestream velocity R,. In fact, the droplets usually ex-
perience a maximum Reynolds number of less than 0.5R ;.

Using this information on the typical Reynolds number
range along with Fig. 3 a value of 8 can be determined. Figure
3 summarizes the results of a least squares fit program which
calculates the value of 3 that provides the best fit of the ap-
proximate sphere drag expression of Eq. (13) to the standard
sphere drag curve. The fit is performed from a Reynolds
number of zero to R. Figure 4 shows the standard sphere drag
curve and the approximate drag law, where for this example
B8 =0.35. It has been found that for the aircraft icing problem
a 3 of 0.35 represents a good average value to be used for
preliminary scaling calculation and for data presentation. To
select a B to use in scaling a particular droplet, the average
value of R, for the full-scale and scaled particle is found and
then Fig. 3 can be used to determine (8. In general, this is an
iterative procedure, but by using 8=0.35 to select the initial
scaled R, it converges quickly; usually the first step is suf-
ficiently accurate.

Historically, icing data has been presented using the
modified inertia parameter K,. The degree to which K,
compresses this data to a single curve provides a measure of
the accuracy of the approximation. Figure 5 shows the airfoil
collection efficiency for three different freestream Reynolds
numbers'? plotted vs K,. The airfoil used was a NACA
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Fig. 8 Collection efficiency of an NACA 0012 airfoil as a function of
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65A004 and the droplet trajectories used to determine the
collection efficiency were calculated numerically. The same
data are plotted using K in Fig. 6, where 8=0.35 as discussed
earlier. Similar data on a NACA 0012 airfoil have been
generated more recently using the computer code of Ref. 2.
These results are shown in Figs. 7 and 8. Here again three
values of R, were used and K was varied from 0.01 and 1.0.
Both parameters do an excellent job of reducing the data to a
single curve, with neither method demonstrating improved
accuracy over the other.

For scaling droplet trajectories the K parameter has a
definite edge over K, since § may be optimized for each
droplet to be scaled. Figure 9 shows the local impingement
efficiency plotted as a function of position on the airfoil
leading edge for the full-scale and one-sixth scale model. The
local impingement efficiency is the nondimensional mass flux
of droplets striking the airfoil surface and is determined based
on the trajectory calculations of several particles. The
procedure for determining 8 described earlier yields a § of
0.30 for the 15-um full-scale droplet and 0.39 for the 30-pm
size droplet. The values of R, and K used, as well as the
droplet diameter 6, are given in Table 2. Note that for this
example it was assumed that only the particle diameter would
be changed to provide the trajectory scaling and that all other
variables such as aircraft velocity, droplet density, air density,

Table 2 Scaled variables

One-sixth scale model

Full scale K K,
8, um 15.0 5.23 5.05
Ry, 115.6 40.30 38.93
K 0.0393 0.0286 0.0267
5, pm 30.0 9.86 9.60
Ry 231.2 75.97 73.98
K 0.1572 0.1018 0.0966

[ I LA
-0.04 -0.02 0 0.02 0.04

SURFACE LENGTH, S/c

Fig. 9 Comparison of K, and K in scaling the droplet impingement
efficiency on an airfoil.

etc. would be held constant. This yields an equation for the
scaled droplet diameter of

8, =(c,/c)l/2-B3

The important results of the comparison in Fig. 9 are given in
Table 3. Here E is the total collection efficiency and is
proportional to the total mass of ice collected by the body.
The maximum local collection efficiency governs the
maximum growth rate of ice on the body. While K, does a
reasonable job of reproducing the full-scale trajectories, the
added flexibility in the K parameter allows for an improved
trajectory scaling.

IV. Summary and Conclusions

A systematic procedure has been presented to reduce the
number of similarity parameters governing this class of
particle trajectories. The method of Langmuir, that was
previously little understood, has been derived from the
governing differential equation and a closed-form solution
was presented. This result should clarify the theoretical basis
for the modified inertia parameter and make the existing data
correlated using K, easier to interpret.

A new dimensionless number K, the trajectory scaling
parameter, was derived. This parameter is more accurate in
some situations and more versatile than the modified inertia
parameter. The trajectory scaling parameter may be used to
simplify many trajectory analyses. K simply combines R, and
K into a single dimensionless number to which dimensionless
parameters from the other particle force terms such as the
Froude number F, may be added if needed. All that is
required is the determination of the exponent § in the ap-
proximate drag law used in deriving K. The exponent may be
found by following the procedure.

1) Determine the range of Reynolds numbers experienced
by the class of particles for which the K parameter is to be
used.

2) By using a least squares or other best fit scheme,
determine the 8 for which the approximate drag law best fits
the standard drag curve in the Reynolds number range of
interest.

Table3 Scaling comparison

One-sixth scale model

Full scale K K,
6=15 ym
E 0.0555 0.0557 0.0508
Max local efficiency 0.332 0.331 0.323
6=30 um
E 0.173 0.174 0.166

Max local efficiency 0.568 0.568 0.563
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Experimental and numerical results have been presented in
support of the K parameter. These results for specific particle
trajectory applications demonstrate .the accuracy of the
method. In addition, the trajectory scaling parameter is
simple to use and results in accurate trajectory scaling and a
great reduction in the work of data presentation.

The trajectory scaling parameter will work well in many
situations, provided the appropriate Reynolds number range
can be determined. The accuracy of the approximation will
naturally improve as the range of Reynolds numbers ex-
perienced by the droplets decreases. By reducing the number
of similarity parameters in the governing equation, this
parameter should be useful in many fields to study where
particle trajectories are considered.
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